UNCLASSIFTED

AD o

DEFENSE DOCUMENTATION CENTER

FOR
SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION ALEXANDRIA. VIRGINIA

DOWNGRADED AT 3 YEAR INTERVALS:
DECLASSIFIED AFTER 12 YEARS
DCD DIR 520010

UNCLASSIFIED



THIS REPORT HAS BEEN DECLASSIFIED
AND CLEARED FOR PUBLIC RELEASE.

DISTRIBUTION A
APPROVED FOR PUBLIC RELEASE;
DISTRIBUTION UNLIMITED.




ON TEE EFFECT OF TRUNCATION J¥ SOME OR ALL COORDINATES
OF A MULTINORKAL POPULATION

_..J-l
Q.
-
O
ad
——
C:S L,
= =L oy
e o Z. ¥. Birnbaum and Peul L. Neyer
LS University of Washington and Stanford University

Technlical Report Fo, 2
1051

" =]

Coptract RBonr=820 Task Order IT
FProject Number MR-042-038

Iaberatory of Statiastical Researsh

Department of Mathematics
Thiversity of Washingtea

Seattle, Washingt:a



ON THE EFFECE OF TRUNCATION i SOME O ALL COORDINATES
OF A MULTINORMAL POPULATION &/

hy

)
2., W, Srnbaun acd Peul L, Meyer g/

University of Weshington aud Stanford University

g —
- This pepesr is conserned with the following problem:

N

Qlven & p =dizonsionnl rormel random variable with means
sero, varianses one, and currelation mstrizx R ; truncets

this random variabls in &ll ccordinstes, say at tlg 52,43.. tp
respectively, and find expressione for E%I{?an) aftar
srunsation. 4rn expllisiit soluticm of this prwbiem is obtelned
for m=1,2 , n =0 and = =1 ,n= 1, thet 18 for ths
axpeatat:ions. varisnacs and acvariznees of the distribution
aftsr trunsation., and an extension of tha mathod for greater
velues of m,n %4s indicated.

1, JIntroducticu.

In vericua fielde of applied atatistise, aush as nsycho-

- logioal me=szursmernis and parscnnel seiection, ore frequently
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maltiveariats normal, but msdilied by trumeuvion in each .scsréia
nate separately, Por sxample, & p ~dimsusicnsl mormal randon
variatle x1 ? Xa poayy J‘&, miy represent p quantitative

treditz of an individualj very often an admissliom teat requires

thet each of these traits be sbovs a certain pre-essigned
vaius, so that only thozs individusls pass the test for whom
X 2% peses x,,, It has been shown [1], that this
' mthnd or nhoticfi hms sone undesiradls properties; it is
howsver frequentlr the only practical method, anéd hence it .
may be or. gome intercst to study the properties cf digtributions
obteined by suoh tramcation.

in the pressnt paper explicit expressiocns are obtained
fes the moments B(X) o B(X,%) , B(X,X,) , and 1t 1s indiested

g

E{fig X,°) o The possibility of trunsation inm some bus
13 nmﬂ‘inni-’a g- 1nalm§_ﬂ nin e. thc of x-._, :
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~ tsuncated, X, truacated st T cuzf_rpspmds
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wgmal probability denaity fumetion of X, sud for the
joint marginal pededs of “K_~ » Xp) , after truncation in

X X By zp . Evssnics ave given for the use of acme of 3
tha vesuits for detsrmining &) , T secces 30 that oertein E
lew COBGEUE An Voe POPNLALIVE EFe .amn'-‘
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Mg, W6 cofectur of By, im R" , end K¢ . o
(p=2) dlmeneicnal minor in ®  chrtained by dslating the
iothéend J «th rowes and o «th and v «th aoluuwas. Then

*® have

(2?3) @ j.u v 5.1)“'%??&?‘ lﬁiu 3' <@ z'm rxva !Rigo .

s oo e:' thiag larme may be fourd in stendaxd amﬁsaa'
e determinents, 6.8 (S} o31o

3e lqmti.m for the moments E(ge X, i
¥o eonsider & m..:!sbm—-‘ 3 =fimemsionel random nr:lﬁ‘&ia-

aan. 8% G
am sessse K.. o WivE. v %..—-Nyiﬁﬁ EESTIXx R = u.'n .} Py

i:3 = i, Zesoes Po and (titiwut 1cs= of gmralicﬂ thé AoHL
0 and variances 1 . Ite p.d.f. 15 %
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P¢ evalunate the iato@&i on the right side we apply the

transformation
i = b .,'E; .
(336} Yl ks iﬂu 3 -"u L 2»33-0.,1’
e

and :abﬁun. using the iemna of Jection 2,
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Replacing the subsoripts 1,2 by u,s respectively we
obtain :

(3.9) R B(xX,%) + gﬂ,«;«'&ﬁ“xﬁ} - RIB ir-(x,)] -
s
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that 1s the matrix of partial ocrreletion coefficlents
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To zolve m? ayatsa of squations we use (2.1) snd (2.2) and
obsain '

P
“‘-il}) B(xw) = g 'l‘iw h‘q’i) P a!l,&.u..,p S

Hext;vo odtein equations for the second moments, ws set
pe2,220,ed m=]1l,ns1l in (3.,9), Using the notation
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Combining {46) end

P
(Le) $— R (XK ) = R [, ¢+ BlWR)] , 8=1425000,p
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Maialaytaaar 92 ecuationa in the ﬂ?}l unknowns -

g Pe. B
‘x;x:.iiii - (XX . p° » BEEEL | ¢ w111 be suffiefent
to m a subsysten of uﬁn independent equaticas, Ths
muuﬁa for which - 3 l1<acwgp lorm such-a system; vo
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. In {4.9) =211 the cclumns exaent the last sontein the
‘.,cafno‘mts of the unknown indicaied in the solumm hesding,
.nwhile the last cilumn (headed K) containz the »ight side terms
 of those equations ul system {(i,0} for which i LBEELP .

. The determinant of the coeffisient matrix in (4.9) is

: gy eee By
1n B A
(LOIO) A = R:._zei ' LY X ] a ; &
| "2 522! : .
5 séae Rpp

aud is ¥ O since seck faotor is & principal minor of a
pogitive definite matrixz., Thus these mﬁim yield a mxi-
tion for (L.8). Uaing (2.1) and (2.2) it is easily veriffed that
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in avalusiing h(ws) we can use the previous results,
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for it represents, exzcant Ior app'-oprlate constants, the

marginal expectation of the coordinate YV, of a (p-l)

ﬁimaional rendom varisble v1. V-...., V wel?. Vv walf0°? p ®

| tyerygby  toaTogt e R L
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Bepressious (404) and (L.11) appsar to be useiui for -
“aetting up and solving various practicel probleme of the kind
illustrated in Section 6. The numerical evaluaticn of these

manl wnim -

axpressicns roqulres tho compuiation of integrals of the Type

23 aAL -
RINGEEJo LS

nu;ibu- of indwpmt oqutions

5. Expressions for the mgingl distributions of X, and
(X;5X;) eftar trunsation in X, Xyjeecs X, o
)¢ 4 "{-'1“1?' is the p.d.f, of X, after truneation in

Zys Xpoeeees X5 then b! (3.3)

'-‘
it

tlaooepb iElJ

t

Using the ‘brmat’omuon

Fa

0% ..., 2t | )\,
-/

valuss of suca iatsgrais for pw2 may be found
in Psarscntz Pable V11l « iX in {81, For
uabea® of ths x:oquirsd integrals may still s foumd in thass
tadles, For ol 2ll such integrals involved have o be
ceicmiated, a ‘ask whioh may require the use of highe=speed

- ¢omputing equipment,

To obtain veluos of higher Mtg' ens maat go bask o

i?.}?i and by si-ilar manipulations as above, odtain the required
“0 solve for the unkmowns, |

— e —___._._M,i
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fl/ 1.,p=
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PR TR
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S EE

R 3

p=3 and psf & largs
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}t f\xl.:z,...xaliiz...up. E




R B
s Xy = Pr,K
A m bememtibek | 822,3.c000,p o
¥
one obtains
E(Vj) =G, J=2,3,0005p
S ooEv®au, Ju2:3s000,p
(5.3)
. - Pyl
,szlvj) = -..ﬂ-—u ’ 1,592,3,¢005p
*1““’11) (1°;1 5 )
_3{:1"{]“' =0 3 4 3.2’3.9003P .

By (2, Pe313y X)p Vpsees,¥, 1z again dlstributed
acoording to the mnltl.eaqml law, and hence uoooiding tq
(5.2) end {5.3), expression {5.1) bsocwoss

-"t.—‘?;ﬁg' or . X

_ ‘ @Ix.) .
s Yoy = T o, (R, f""“‘—w—:— &
’ GP‘Atl'. ece .tpfa) pe (‘ 'r21 l-l'pl

vhere Ty 1s defined in (3.92).

tm“gtiﬁn in X.. x-;:es: p » then 5y (3.3)
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Using the transformetion .

H=%

Xy = Xy

1194 .

gl Mgy Wgp |
Ay res 1 vyl 1m3beep
% b

iy Fgp 1

i A&, 15 m cofeator of » st B 4 g » one easily verifics
that ;

V) =0

By e ,
{5.7) E(Yi_xz_) = 0 in3,hp0cesd
E('.‘filz) =0

PR oY

103.391&30 N:?o

Hence, amce (Zp..?_i. iie;ﬁ?p} e.gain has & multivaricte

normal dutributimx. 3 obtain rx'om (5.6} and w.'i)
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6o Some Applicationa.

The following probienm is of practiocal interest: ~ for a .4
bivariate normal rendom varieble (x]_.-xz)- with expectatious 1;0 -,‘
varisnces 1 and known correlation coefficient »r , it is

; required to find ti -and %5 80 that, after truncation at
%y, end t, , the expectations of X, and X, assums the

o

pre-assigred values B and B .
To find such t, , t, , wo have according to (L.4)

{6.1) = = B(1) ¢ » &{2)
a4 - e Ml BMY L. e AW
ok ] Hla B uUle) v EF By .

. Usipg expressisn mc&; for h{(i) and sz.:r.p,‘-fyin,, one cbtainss

re— g
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Pls,) tb(-fl)

. % Qi '6
6. ) t t 8 Mf-m o ¥ '- .

These squations show that the inequalities o < M, <%»m1
ai§ necegsary for the existence of a solutioan,

-

99‘22::%9_n35?r1ca1 vaiuea for tl 2 ta s ODREe may consider
‘(6.31433 equationa of two curves in the tl » ta plene, and
determine thsis intarssction. The fcllowing numericsl example
'uiil Servo to 1llustrate ths procedure:
Given »r = ,60 &xd ths required expectations after
- truncation m, = 1,5 , My w 2,0 « The rigbtehand sides in
(643) snd (6.i) become, reapsctively, 3.67 and 0.469 . By
trial, uaing tebles, one finds the following three points on
each of the curves: |

L T Ly (%) % Lpity t5)
55 | 1.532 3.67 | .50 1.430 69
60 | 1.594 3.67 »55 | 1.530 169
65 | 1,655 | 3.67 60 | 2,626 | 469

Plotting these values one finds for the point of intersection
t; = -554 » t, = 14537 , and substituting these values into {6:1)
and (6.2) one obtains m-* = 1.501 , ma* = 2,001 whish is a
good approximetion to the pequirsd vaiues. :

Hext we consider the foliilowing problem: We wish to truncets

21 and Xé &t t; and t, regpectively so that the expectatioa

&

X, - #fter truncation has s pre-assigued value m, snd the

o

stained part of the population
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2 2
Sy (xXTe2r xye ¥)

. 5
:.’?.‘l'?m Jtl

Gy ptpi dx dy

Lz

15 ss large 28 possible. This 1s ecuivalent to maximisv.ﬁg
3(tys8537) under the condltion (6.1}, Using Lagrange multipliers,

we consider

: - t d %
H(t)oty) = O(by,tomr) + AlmGltg o) - @lt;) PlBmd) -

ir?

ﬁﬁ%

T

-rg%)¢
wo wisk to solve the equations

72!-;9;
i

It is easily verified that these equations bescome, respectively,

3._$_.
Hh%

(6.5)

,a.

9«-—5@

Q (_J:..rti)

Py

"fl?‘ 2.1-1:2
R% o

he ke
47(@)0

ty=rt
$E=d) - r @Ls;)

JE

(6.7} By -G‘elotan') - ’(tl)
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From {6.5) snd {6.6) we obtain:

tq=rt
Pled=f)
(6.8) e HoT% .

It i= well known [3]; [L]; that for finite VU >

o

has o soiution with t. and t, both finite. The following
. four possibilities remain; '

b) r>0, %< o, t; z=~-o

G) rel, tm=00, t, «

d)’?“egei< W,taﬂ-@ [

Si{s.}) nm,
In the casus a) and &) (5.7) vields: —wwmaSm = -éx.

P(t,)

- | sy

while in cszes b) eand d) (6.7) becomes 5 =um, . Since
¢t
|

%-(Liy_-g- is a monotonis function of U , inocieasing from 0 to
U
ao s ¥» yeach the follcowing conclusions:

Por »> O , {ceseas a) end b) ) , max Gitl.tzsr) undeor

condition n(xl; = By iz obtained by truncating in xl alone

.
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at t, ; where F‘l;l is obtained from

positive vaiues of m; can be aohieved.'

For r< 0, (cases ¢) and 4) ), we mzst truneata in

Plt) =™

xz alons and use the solution obtained from recsmiien IR wemso o
| Pleyy T

for m, < 0 ; and truncats in X, eaicne, at t, obtained

t >,
.2.5._].-.).3 » for m >0 ., Tables of Z(0) may be
) L)

found e.g. in {6].
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